What is the Derived Category of a non-Noetherian
Ring?

a short answer

A ring is a mathematical object that has a good notion of addition and multi-
plication. For example, the integers form a ring, and the real numbers form another
ring. The hours on a clock also form a ring, where 8 + 6 = 2, because six hours
after eight o’clock is two o’clock. Similarly, we could multiply 3 x 5 = 3, since on
the clock 15 = 3.

Given a ring R, there’s a way to construct a very elaborate math world, or
“category,” called the derived category of R and denoted D(R). The objects in this
category are quite complex, but by increasing complexity new phenomena and tools
emerge. For example, in a derived category there are things called “exact triangles,”
which consist of three objects with functions between them forming a triangle. These
are very useful for computations. There is also a way of multiplying objects, called
the “smash product,” a way of gluing together objects, and a way of simultaneously
looking at all the functions between any two objects. The category D(R) also lends
itself to well-behaved interactions with other, much different categories. The derived
category of a ring is considered by many mathematicians to be a very beautiful and
elegant world in which to work.

It’s sort of like baking a pie. You might start with cherries, which are tasty in
a straightforward way. You go through an elaborate process to construct the pie,
which is derived from the cherries, but is really something quite special on its own.
Pie is very rich. As you eat it, you notice all its different colors, textures, flavors,
and smells. Pie interacts nicely with ice cream.

If you started with apples instead of cherries, you’d end up with a different pie.
This is like changing the ring R. Besides studying the derived category of a specific
ring, you can consider a collection of different rings, and look at the corresponding
derived categories. Pies can be made out of lots of things, and most fruit pies have
common features.

If a ring is “Noetherian,” it satisfies a certain technical condition, that says, in a
certain sense, that the ring is not too big. (The term pays homage to Emmy Noether,
described by Einstein as the most important woman in the history of mathematics.)
A ring is “non-Noetherian” if it is not Noetherian.

T'll give an example that won’t really make sense, but might visually demonstrate
the difference. The rings

Zl|x1)|, Z[|x1,z9]|, and Zlxy,x2,x3]
are all examples of Noetherian rings. On the other hand,
Z[l‘l, T2y, T3y .. }
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is a non-Noetherian ring, where the indicate that the list continues forever.



All the derived categories of the Noetherian rings have common properties and
behaviors. They’re not the same, but as far as I'm concerned they’re more the same
than they are different. The derived category of a non-Noetherian ring behaves quite
differently. Because it is not bounded in the way Noetherian rings are, the ring is
more complex, and the resulting derived category is much harder to understand.
This is one of my current research directions.
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